t n (a, b) = |{ x, y : n = ax(x − 1)/2 + by(y − 1)/2, x, y ∈ N}|.
For convenience we also define t 0 (a, b) = 1 and t −n (a, b) = 0 for n ∈ N. Let ψ(q) = 2) is of extreme interest, and it would appear to be very difficult to prove it without the addition theorem for elliptic integrals. By (1.1), the equality (1.2) is equivalent to (1.3) t n (1, 7) = k|n+1, 2 k k 7 .
In [5, 7, 8] K. S. Williams and the author proved (1.3) and so (1.2) by using the theory of binary quadratic forms.
Let Z 2 = Z × Z = { x, y : x, y ∈ Z}. For n ∈ N and a, b, c ∈ Z with a, c > 0 and b 2 − 4ac < 0 let (1.4) R([a, b, c], n) = |{ x, y ∈ Z 2 : n = ax 2 + bxy + cy 2 }|.
In [5] the author proved the following result. For 20 values of a, b , the explicit formulas for t n (a, b) are known. See Table 1 .1. 
tn(a, b)
References for formulas for tn(a, b) tn(1, 1) Legendre [4] tn (1, 3) , tn(1, 7) Ramanujan, Berndt [1, 2] , Williams [8] tn (1, 15) , tn(3, 5) Sun, Williams [7] In this paper, by developing the theory of binary quadratic forms we completely determine t n (a, b) for 123 more values of a, b . See Table 1 .2. We also show that t 2n−2 (7, 9) − t 2n−8 (1, 63) , t 2n−2 (5, 11) − t 2n−7 (1, 55) and t 2n−2 (3, 13) − t 2n−5 (1, 39) are multiplicative functions of n ∈ N. Table 1 Let n ∈ N and let d be a negative discriminant such that h(d) = 4. For m ∈ N let C m be the cyclic group of order m. Then H(d) ∼ = C 4 or H(d) ∼ = C 2 ×C 2 . If H(d) ∼ = C 4 with generator A, for 50 such discriminants d, in Section 9 we give explicit formulas for R(A, n). When H(d) ∼ = C 2 ×· · ·×C 2 , in Sections 2, 3, 4, 6 and 8 we determine R(K, n) for any K ∈ H(d). As applications, in Sections 2, 5, 7, 8 and 10 we deduce many explicit formulas for t n (a, b).
In addition to the above notation, throughout this paper [x] denotes the greatest integer not exceeding x, µ(n) denotes the Möbius function, (a, b) denotes the greatest common divisor of integers a and b. For a prime p and n ∈ N, ord p n denotes the unique nonnegative integer α such that p α n (i.e. p α | n but p α+1 n).
Throughout this paper p denotes a prime and products (sums) over p run through all distinct primes p satisfying any restrictions given under the product (summation) symbol. For example the condition p ≡ 1 (mod 4) under a product restricts the product to those distinct primes p which are of the form 4k + 1. (1 + ord p n) if 2 | ord q n for every prime q with ( 
is not a square,
In particular, when (n, f ) = 1 we have
This is a reduction formula for N (n, d).
Lemma 2.2. Let a, b, n ∈ N with 2 n.
(ii) If 2 a + b and 8 ab, then
Proof. Suppose 2 a and 4 (a − b)b. Clearly n = ax 2 + 4by 2 implies 2 x and so n ≡ a (mod 4). Now assume n ≡ a (mod 4) and n = ax 2 + by 2 . If 2 y, then a − b ≡ n − by 2 = ax 2 (mod 4) and so 4 | (a − b)b. This contradicts the assumption. Thus n = ax 2 + by 2 implies 2 | y.
Suppose 2 a, 2 | b and 8 b. As (2m + 1) 2 ≡ 1 (mod 8) we see that
This proves (i). Now let us consider (ii). Assume that 2 a + b and 8 ab. Then
As (2m+1) 2 ≡ 1 (mod 8), from the above we see that R([4a, 4a, a+b], n) = 0 provided n ≡ a + b (mod 8). Now assume n ≡ a + b (mod 8). If n = ax 2 + by 2 with x, y ∈ Z and 2 | xy, then n ≡ a, a + 4b, b or b + 4a (mod 8). Since 8 ab we have a + b ≡ a, a + 4b, b, b + 4a (mod 8) and so n ≡ a + b (mod 8). Thus, if n = ax 2 + by 2 for some x, y ∈ Z, we must have 2 xy. Hence, from the above we deduce R([4a, 4a, a + b], n) = R([a, 0, b], n). So (ii) is true and the lemma is proved.
Theorem 2.1. Let b ∈ {6, 10, 12, 22, 28, 58}, b = 2 r b 0 (2 b 0 ), n ∈ N and 2 n. Then
, 2} and 2 n, using Lemma 2.2 we see that Table 9 .1]. Clearly n = x 2 + by 2 implies n ≡ 1, b + 1 (mod 8), and n = 2 r x 2 + b 0 y 2 implies n ≡ b 0 , 2 r + b 0 (mod 8). Since 1, b + 1, b 0 , 2 r + b 0 are distinct modulo 8, we see that
Since f (−4b) ∈ {1, 4} and 2 n, we have (n, f (−4b)) = 1. Hence, by Lemma 2.1 we have
Now putting all the above together we deduce the result. Theorem 2.2. Let n ∈ N and b ∈ {6, 10, 12, 22, 28, 58}.
(i) If b ∈ {6, 10, 22, 58}, then
Let x, y ∈ Z be such that 8n + a + b = ax 2 + by 2 . When 2 | x and 2 | y, we have 4 | 8n + a + b and so 4 | a + b. When 2 | x and 2 y, we have a ≡ 8n + a = ax 2 + by 2 − b ≡ ax 2 ≡ 0, 4a (mod 8) and so 8 | a. When 2 x and 2 | y, we have b ≡ 8n + b = ax 2 + by 2 − a ≡ by 2 ≡ 0, 4b (mod 8) and so 8 | b. Thus, if 8 a, 8 b and 4 a + b, by the above we must have 2 xy. Hence,
This proves (i). Now assume 2 a, 4 | b, and 4 | a + b/4. Set b = 4b 0 . Then 2 b 0 and 4 a − b 0 . As 8n + a + 4b 0 = ax 2 + 4b 0 y 2 (x, y ∈ Z) implies 2 xy, and 8n + a + 4b 0 = ax 2 + b 0 y 2 (x, y ∈ Z) implies 2 | y, from the above we deduce 4t n (a, b) = |{ x, y ∈ Z 2 : 8n + a + 4b 0 = ax 2 + 4b 0 y 2 , 2 xy}|
This completes the proof.
Theorem 2.4. Let n ∈ N and a ∈ {1, 2}. Then 
From this and (2.1) we see that Theorems 3.3 and 3.5 in [5] can be rewritten as
We also note that for a, b, n ∈ N,
Theorem 2.5. Let n ∈ N, a ∈ {1, 3, 5, 15} and 8n + a + 60/a = 3 α n 0 (3 n 0 ). Then
Proof. From Theorem 2.3(ii) we see that 4t n (a, 60/a) = R([a, 0, 15/a], 8n + a + 60/a). By [6, Theorem 9.3] and (2.1) we have
Now combining all the above with the fact that k|3 α n 0 (
Theorem 2.6. Let n ∈ N and n = 5 α n 0 (5 n 0 ). Then
−20 k if 9 | n and n 0 ≡ ±1 (mod 5), [7, 4, 7] }. If n ≡ 2 (mod 3) or n ≡ ±3 (mod 9), then clearly n = x 2 + 45y 2 is insolvable and so R([1, 0, 45], n) = 0. If 9 | n, then clearly 
If n 0 ≡ ±2 (mod 5), then n 0 cannot be represented by x 2 +45y 2 and 5x 2 +9y 2 . Thus R([1, 0, 45], n) = 0 by the above. Now suppose n 0 ≡ ±1 (mod 5).
It is easily seen that n 0 cannot be represented by [2, 2, 23] and [7, 4, 7] . Clearly n 0 = x 2 + 45y 2 implies n 0 ≡ 1 (mod 3), and n 0 = 5x 2 + 9y 2 implies n 0 ≡ 2 (mod 3). Since n 0 = 5 −α n ≡ (−1) α n ≡ (−1) α (mod 3), using the above and Lemma 2.1 we see that
Combining all the above we prove the formula for R([1, 0, 45], n). Since R([1, 0, 45], 5n) = R([5, 0, 9], n), replacing n with 5n in the formula for R([1, 0, 45], n) we deduce the result for R([5, 0, 9], n). This completes the proof.
Theorem 2.7. Let n ∈ N. Corollary 2.1. Let n ∈ N and 4n + 23 = 5 α n 1 with 5 n 1 . Then n is represented by
if and only if 9 | n 2 (n−1), n 1 ≡ ±2 (mod 5) and 2 | ord q n 1 for every prime q ≡ 11, 13, 17, 19 (mod 20).
Corollary 2.2. Let n ∈ N and 4n + 7 = 5 α n 1 with 5 n 1 . Then n is represented by 5
if and only if 9 | n 2 (n−5), n 1 ≡ ±2 (mod 5) and 2 | ord q n 1 for every prime q ≡ 11, 13, 17, 19 (mod 20).
General results for
By the definition, for any [a, bm,
and 
is not a square, or there exists a prime p such that 2 ord p n and (
p ) = 0, 1 for every prime p with 2 ord p n. Then there are exactly 2 t(d)−t(d/m 2 ) genera G representing n, and for such a genus G we have 
and (x 1 , y 1 ) is the solution in positive integers to the equation x 2 − dy 2 = 4 for which
Proof. From [6, Theorem 2.1 and Lemma 2.6(i)] we know that ϕ 1,m is a surjective homomorphism from
. Now applying the above and [6, Lemma 3.5] we obtain the result.
Proof. Since |H 2 (d)| = 1, every genus consists of a single class. Thus, applying Lemmas 2.1 and 3.1 we have (n, f 2 ) = m 2 for some m ∈ N and
This together with Lemma 3.2 gives the result.
Euler called a positive integer n a convenient number if it satisfies the following criterion: Let m be an odd number such that (m, n) = 1 and m = x 2 + ny 2 with (x, y) = 1. If the equation m = x 2 + ny 2 has only one solution with x, y ≥ 0, then m is a prime.
According to [3] , Euler listed 65 convenient numbers as in Table 3 .1 below. He was interested in convenient numbers because they helped him find large primes. Gauss observed that a positive integer n is a convenient number if and only if |H 2 (−4n)| = 1. In 1973 it was known that Euler's list is complete except for possibly one more n. Theorem 3.2. Let d < 0 be a discriminant with conductor f and 
. From the above and [6, Lemma 3.4] we deduce
This is the result. 
Proof. By Lemma 3.3 we have ϕ k,1 (I) = K. Thus applying [6, Lemma 3.4] we obtain R(I, kn) = R(ϕ k,1 (I), n) = R(K, n) as asserted. 
Formulas for
Proof. It is known that f (−12b) = 1 and H(−12b) = {A 1 , A 2 , A 3 , A 6 } ∼ = C 2 × C 2 . As 2 n 0 and 3 n 0 , we see that
If 2 ord q n 0 for some prime q with ( −3b q ) = −1, we see that q | n 0 , 2 ord q n and (
−12b
q ) = −1. Thus, applying Lemma 2.1 we have N (n, −12b) = 0 and so R(A i , n) = 0.
Suppose that 2 | ord q n 0 for every prime q with ( −3b q ) = −1. From Lemma 2.1 we have N (n 0 , −12b) > 0. Observe that 1, b, (3b + 1)/2 and (b + 3)/2 are incongruent modulo 12. Applying the above we deduce 
Hence, using the above we deduce
(1 + ord p n 0 ).
So the theorem is proved.
In a similar way one can prove the following results.
Theorem 4.2. Let m ∈ {5, 7, 13, 17}, i ∈ {1, 2, 3, 6}, n ∈ N and in = 2 α i 3 β i n 0 with (6, n 0 ) = 1. Then R([i, 0, 6m/i], n) > 0 if and only if 2 | ord q n 0 for every prime q with ( −6m q ) = −1 and
if 2 | α i and 2 | β i , 2m + 3, 8m + 3 (mod 24) if 2 | α i and 2 β i , 3m + 2, 3m + 8 (mod 24) if 2 α i and 2 | β i , m, m + 6 (mod 24) if 2 α i and 2 β i .
(1 + ord p n 0 ). 
(1 + ord p n 0 ). . Let i ∈ {1, 2, 11, 22}, n ∈ N and in = 2 α i 11 β i n 0 with (22, n 0 ) = 1. Then R(A i , n) > 0 if and only if 2 | ord q n 0 for every prime q with ( 
Theorem 5.1. Let n ∈ N, a ∈ {1, 3}, b ∈ {7, 11, 19, 31, 59} and 4n + (a + 3b/a)/2 = 3 β n 0 (3 n 0 ). Then t n (a, 3b/a) > 0 if and only if 2 | ord q n 0 for every prime q with ( Moreover, if t n (a, 3b/a) > 0, then t n (a, 3b/a) =
Proof. As b ≡ 3 (mod 4), we have a + 3b/a ≡ 2 (mod 4). Thus, by Theorem 2.3 we have 4t n (a, 3b/a) = R([a, 0, 3b/a], 8n + a + 3b/a). Since a(8n + a + 3b/a) = 2 · 3 β+(a−1)/2 n 0 , applying Theorem 4.1 we deduce that t n (a, 3b/a) > 0 if and only if 2 | ord q n 0 for every prime q with ( Theorem 5.2. Let n ∈ N, m ∈ {5, 7, 13, 17} and a ∈ {1, 2, 3, 6}. If 8n+a+6m/a = 3 β n 0 (3 n 0 ), then t n (a, 6m/a) > 0 if and only if 2 | ord q n 0 for every prime q with ( −6m q ) = −1 and
Theorem 5.3. Let n ∈ N, m ∈ {7, 13, 19}, a ∈ {1, 2, 5, 10} and 8n + a + 10m/a = 5 β n 0 (5 n 0 ). Then t n (a, 10m/a) > 0 if and only if 2 | ord q n 0 for every prime q with ( −10m
Moreover, if t n (a, 10m/a) > 0, then t n (a, 10m/a) =
Theorem 5.4. Let n ∈ N, a ∈ {1, 5} and 4n + (a + 85/a)/2 = 5 β n 0 (5 n 0 ). Then t n (a, 85/a) > 0 if and only if 2 | ord q n 0 for every prime q with ( Theorem 5.6. Let n ∈ N, a ∈ {1, 11} and 4n + (a + 253/a)/2 = 11 β n 0 (11 n 0 ). Then t n (a,
Then R(A i , n) > 0 if and only if 2 | ord q n 0 for every prime q with (
Proof. It is known that f (−60m) = 1 and H(−60m) = {A k : k ∈ {1, 2, 3, 5, 6, 10, 15, 30}} ∼ = C 2 × C 2 × C 2 . If 2 ord q n 0 for some prime q with ( −15m q ) = −1, then 2 ord q n and ( −60m q ) = −1. Thus, applying Lemma 2.1 we have N (n, −60m) = 2δ(n, −60m) = 0 and so R(A i , n) = 0.
Suppose that 2 | ord q n 0 for every prime q with ( −15m q ) = −1. From Lemma 2.1 we have N (n 0 , −60m) > 0. Now it is easily seen that R(A k , n 0 ) > 0 depends only on the values of ( . By Lemma 3.3 we have ϕ k i ,1 (A 1 ) = A k i . Thus applying Theorems 3.2 and 3.3 we get
If R(A i , n) > 0, by Theorem 3.1 we have
Theorem 6.2. Let i, n ∈ N, i | 42 and in = 2 α i 3 β i 7 γ i n 0 with (n 0 , 42) = 1. Let
Then R(A i , n) > 0 if and only if 2 | ord q n 0 for every prime q with ( −273
Theorem 6.3. Let i, n ∈ N, i | 42 and in = 2 α i 3 β i 7 γ i n 0 with (n 0 , 42) = 1. Let
Theorem 6.4. Let i, n ∈ N, i | 70 and in = 2 α i 5 β i 7 γ i n 0 with (n 0 , 70) = 1. Let
Then R(A i , n) > 0 if and only if 2 | ord q n 0 for every prime q with ( 
Theorem 7.1. Let m ∈ {7, 11, 23}, a ∈ {1, 3, 5, 15} and n ∈ N. If a(4n+(a+15m/a)/2) = 3 β 5 γ n 0 with 3 n 0 and 5 n 0 , then t n (a, 15m/a) > 0 if and only if 2 | ord q n 0 for every prime q with (
As a+15m/a ≡ a+a ≡ 2 (mod 4), by Theorem 2.3 we have 4t n (a, 15m/a) = R([a, 0, 15m/a], 8n + a + 15m/a). Now applying the above and Theorem 6.1 we deduce the result.
In a similar way, using Theorems 6.2-6.7 one can prove the following results.
Theorem 7.2. Let n ∈ N and a ∈ {1, 3, 7, 21}. If 4n + (a + 273/a)/2 = 3 β 7 γ n 0 with 3 n 0 and 7 n 0 , then t n (a, 273/a) > 0 if and only if 2 | ord q n 0 for every prime q with ( 
Proof. It is known that f (−5460) = 1 and 
By Lemma 3.3 we have ϕ k,1 (A 1 ) = A k . Thus applying Theorem 3.2 we get
To see the criteria for R(
So the theorem is proved. Since 4an + (a 2 + 1365)/2 = 3 β 5 γ 7 δ n 0 we see that (−1) β+δ n 0 ≡ 3 β 5 γ 7 δ n 0 ≡ (a 2 +1365)/2 ≡ 3 (mod 4) and so (
As a(8n+a+1365/a) = 2 · 3 β 5 γ 7 δ n 0 , using Theorem 8.1 and the above we get
When t n (a, 1365/a) > 0, using Theorem 8.1 we deduce the remaining result. Lemma 9.3. Let d be a discriminant and a, b, c ∈ Z with b 2 − 4ac = d. Let p be a prime such that p = ax 2 + bxy + cy 2 for some x, y ∈ Z. Let q be an odd prime such that q | d and q ap. Then (
Proof. As 4ap = (2ax + by) 2 − dy 2 we obtain the result.
Lemma 9.4. Let d be a discriminant with conductor f and d 0 = d/f 2 . Let H(d) = {I, A, A 2 , A 3 } with A 4 = I, n ∈ N and (n, f ) = 1. Suppose that q is an odd prime divisor of d such that for any prime p = q,
Suppose n = q α n 0 (q n 0 ). Then By the above, the theorem is proved.
Using Lemmas 9.4 and 9.5 one can similarly prove the following results.
For a discriminant d and n ∈ N we recall that δ(n, d)
Theorem 9.7. Let n ∈ N and d 0 ∈ {−7, −19, −43, −67, −163}. Then 
To complete the proof, we note that if 9 | n and n = 3 α n 0 (3 n 0 ), then (9.1) If (n, 4 2 ) is not a square, by Lemma 9.1 we have R([3, 2, 11], n) = 0. So the theorem is proved.
Theorem 9.9. Let n ∈ N and n = 2 α n 0 with 2 n 0 . Let d 1 ∈ {5, 13, 37}. Then 
If 2 ord p (n/4) for some prime p with ( 2 y 2 implies p = 2 or p ≡ 3 (mod 4), we see that
So we always have
Now putting the above together we deduce the result.
Remark 9.1. As [8, 4, 3] 
, by appealing to Lemma 9.7 we have
Using Lemmas 2.1 and 9.1-9.7 one can similarly prove the following results.
Theorem 9.10. Let n ∈ N. Then
otherwise.
Theorem 9.12. Let n ∈ N, p ∈ {3, 5} and n = p α n 0 (p n 0 ). Then
if n ≡ ±12 (mod 32), 2δ(n/16, −4) if n ≡ 16 (mod 32), 4δ(n/64, −4) if 64 | n, 0 otherwise.
Theorem 9.14. Let n ∈ N. Then
if n ≡ 9 (mod 18), 4δ(n/36, −4) if 36 | n, 0 otherwise.
if n ≡ 8 (mod 12), 2δ(n/9, −7)
if n ≡ 9 (mod 18), 2δ(n/36, −7) if 36 | n, 0 otherwise.
if n ≡ 25 (mod 50), 4δ(n/100, −4) if 100 | n, 0 otherwise.
10. Formulas for t n (1, 8), t n (1, 63), t n (7, 9), t n (1, 55), t n (5, 11), t n (1, 39) and t n (3, 13). For k = 1, . . . , 12 let
In [7] , for k = 1, 2, 3, 4, 6, 8, 12 we showed that φ k (n) is a multiplicative function of n and determined the value of φ k (n). See (i) If n + 8 = 2 α 0 n 0 with 2 n 0 , then
if 6 | n and 2 α 0 , 0 if 3 n and 9 n − 1.
(ii) If n + 2 = 2 α 1 n 1 with 2 n 1 , then
if 6 | n and 2 α 1 , 0 if 3 n and 9 n + 2.
Proof. From Theorem 1.1 we see that
Observe that R( [7, 7, 4] 
From Lemma 2.1 and (9.1) we see that
By Theorem 9.7 we have
Hence, for α, m 0 ∈ N with 2 m 0 we have 
Now assume 2 | n. Suppose n = 2 α 0 n 0 − 8 = 2 α 1 n 1 − 2 with 2 n 0 n 1 . From the above we deduce 
Z. H. Sun
Thus, for i = 0, 1,
From [7, Theorem 4.5(i)] we know that φ 3 (n i ) = 0 for n i ≡ 0, 2 (mod 3).
As n ≡ 1 (mod 3) implies 3 | n i and so φ 3 (n i ) = 0, and n ≡ 2 (mod 3) and 2 α i implies n i ≡ 2 (mod 3) and so φ 3 (n i ) = 0, we see that φ 3 (2 α i +1 n i ) − φ 3 (2 α i −1 n i ) = 0 for n ≡ 0 (mod 3). Now putting all the above together we deduce the result.
Theorem 10.3. Suppose n ∈ N. Then φ 3 (n) = t 2n−2 (7, 9) − t 2n−8 (1, 63) and so t 2n−2 (7, 9) − t 2n−8 (1, 63 ) is a multiplicative function of n.
Proof. Suppose 2n = 2 α n 0 with 2 n 0 . According to the proof of Theorem 10.2, φ 3 (n) is a multiplicative function of n and φ 3 (n) = φ 3 (2 α−1 n 0 ) = φ 3 (2 α−1 )φ 3 (n 0 ) = (−1) (α−1)/2 φ 3 (n 0 ) if 2 α, 0 if 2 | α.
As φ 3 (1) = 1, φ 3 (2) = φ 3 (3) = 0 and φ 3 (4) = −1, we see that φ 3 (n) = t 2n−2 (7, 9) − t 2n−8 (1, 63) for n = 1, 2, 3, 4. Now suppose n > 4. From the above and Theorem 10.2 we deduce t 2n−2 (7, 9) − t 2n−8 (1, 63) = (−1) (α−1)/2 φ 3 (n 0 ) = φ 3 (n) if 3 | n − 1 and 2 α, 0 otherwise. If 3 | n − 1 and 2 | α, then α ≥ 2 and so φ 3 (n) = 0 by the above. From [7, Theorem 4.5(i)] we also have φ 3 (n) = 0 for n ≡ 0, 2 (mod 3). Thus we always have φ 3 (n) = t 2n−2 (7, 9) − t 2n−8 (1, 63) . So the theorem is proved. This completes the proof.
Theorem 10.5. Let n ∈ N, m ∈ {3, 5} and f (n) = t 2n−2 (m, 16 − m) − t 2n−2−m (1, m(16 − m)). Then f (n) is a multiplicative function of n.
Proof. Define F (n) = [6, Theorem 7.4 (ii)] we know that F (n) is multiplicative. It is easily seen that F (1) = 1, F (2) = F (3) = 0 and so f (n) = F (n) for n = 1, 2, 3. From [6, Theorem 8.7] we see that F (2 t ) = (−1) t/2 or 0 according as 2 | t or 2 t. Suppose n = 2 α n 0 with 2 n 0 . We then have F (2 α+2 ) = −F (2 α ). For n > 3, from (10.1), (10.2) and the above we derive Thus, f (n) = F (n). This proves the theorem.
